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Abstract. The description of complex solvable Leibniz algebras whose nilradical is a naturally graded filiform
algebra is already known. Unfortunately, a mistake was made in that description. Namely, in the case where the
dimension of the solvable Leibniz algebra with nilradical F 1
n
is equal to n+ 2, it was asserted that there is no such
algebra. However, it was possible for us to find a unique (n+2)-dimensional solvable Leibniz algebra with nilradical
F
1
n
. In addition, we establish the triviality of the second group of cohomology for this algebra with coefficients in
itself, which implies its rigidity.
1. Introduction
Recall that Leibniz algebras are a generalization of Lie algebras [11,12]. Active investigations on Leibniz algebra
theory show that many results of the theory of Lie algebras can be extended to Leibniz algebras. From the theory
of Lie algebras it is well known that the study of finite-dimensional Lie algebras can be reduced to the solvable [10]
and, due to the work of Malcev [13], to nilpotent ones. In the Leibniz algebra case we have an analogue of Levi’s
theorem, due to the result of Barnes [5], that the decomposition of a Leibniz algebra into a semidirect sum of its
solvable radical and a semisimple Lie algebra. Therefore, the study of finite-dimensional Leibniz algebras can be
reduced to solvable ones.
The methods of Mubarakzjanov [14] allow to describe solvable Lie algebras with a given nilradical. Applications of
these methods were used in several articles which are devoted to the study of solvable Lie algebras with various types
of nilradical, such as naturally graded filiform and quasi-filiform algebras, abelian, triangular, etc. [1, 2, 15, 17, 19].
The extension of these methods to the Leibniz algebras case was proposed in [7].
Let V be an n-dimensional vector space over the field of complex numbers. The bilinear maps V × V → V form
an n3-dimensional affine space B(V ) over C. It is known that an n-dimensional Leibniz algebra may be considered
as an element λ of the affine variety Hom(V ⊗ V, V ) via the bilinear mapping λ : V ⊗ V → V , defining the Leibniz
bracket on the vector space V . Since Leibniz algebras are defined via polynomial identities, the set of Leibniz
algebra structures forms an algebraic subset of the variety Hom(V ⊗ V, V ) and the linear reductive group GLn(F )
acts on the set as follows:
(g ∗ λ)(x, y) = g(λ(g−1(x), g−1(y))).
The orbits (Orb(−)) under this action are the isomorphism classes of algebras.
Recall that a set is called irreducible if it cannot be represented as a union of two non-trivial closed subsets (with
respect to the Zariski topology in B(V )), otherwise it is called reducible. The maximal irreducible closed subset
of a variety is called an irreducible component. From algebraic geometry we know that an algebraic variety is a
union of irreducible components and that closures of open sets give rise to irreducible components. Therefore, for
the description of a variety it is very important to find all open sets. Since under the above action the variety of
Leibniz algebras consists of orbits of algebras, the description of the variety is reduced to finding the open orbits.
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In any variety of algebras there are algebras with open orbits (so-called rigid algebras). Thus, the closures of orbits
of rigid algebras give irreducible components of the variety. Hence, in order to describe the variety of algebras it is
enough to describe all rigid algebras. Due to the work [4], we can apply the general principles for deformations and
rigidity of Leibniz algebras. In fact, it is proved that the nullity of the second cohomology group with coefficients
in itself gives a sufficient condition for the rigidity of the algebra.
In this paper we fix a mistake which was made in the description of complex (n + 2)-dimensional solvable
Leibniz algebras whose nilradical is a non-Lie and non-split naturally graded filiform algebra (see [6]). Namely,
in that description [6], the authors assert that there is no such solvable Leibniz algebra. However, we find in our
ameliorated description that there exits a unique (n + 2)-dimensional solvable algebra Leibniz with nilradical F 1n .
Moreover, we establish that the second group of cohomology of this Leibniz algebra is trivial, and consequently it
is a rigid algebra.
We will briefly describe the organization of the paper. In Section 2 we recall definitions and known results.
In Section 3 we find a unique (n + 2)-dimensional solvable algebra Leibniz R(F 1n) with nilradical F
1
n . Moreover,
we establish the triviality of the second group of cohomology of R(F 1n) with coefficients in itself, and therefore its
rigidity.
2. Preliminaries
In this section we give necessary definitions and preliminary results.
Definition 1 ( [11]). A Leibniz algebra over a field F is a vector space L equipped with a bilinear map, called
bracket,
[−,−] : L× L→ L,
satisfying the Leibniz identity [
x, [y, z]
]
=
[
[x, y], z
]
−
[
[x, z], y
]
,
for all x, y, z ∈ L.
The set Annr(L) = {x ∈ L | [y, x] = 0, y ∈ L} is called the right annihilator of the Leibniz algebra L. Note that
Annr(L) is an ideal of L and for any x, y ∈ L the elements [x, x], [x, y] + [y, x] ∈ Annr(L).
Definition 2. A linear map d : L → L of a Leibniz algebra (L, [−,−]) is said to be a derivation if for all x, y ∈ L
the following condition holds:
d([x, y]) = [d(x), y] + [x, d(y)].
2.1. Solvable Leibniz algebras. For a Leibniz algebra L we consider the following lower central and derived
series :
L1 = L Lk+1 = [Lk, L1], k ≥ 1;
L[1] = L, L[s+1] = [L[s], L[s]], s ≥ 1.
Definition 3. A Leibniz algebra L is said to be nilpotent (respectively, solvable), if there exists n ∈ N (m ∈ N)
such that Ln = 0 (respectively, L[m] = 0).
Obviously, the index of nilpotency of an n-dimensional nilpotent Leibniz algebra is not greater than n+ 1.
It should be noted that the sum of any two nilpotent (solvable) ideals is nilpotent (solvable).
Definition 4. The maximal nilpotent (solvable) ideal of a Leibniz algebra is said to be a nilradical (solvable radical)
of the algebra.
Definition 5. A Leibniz algebra L is said to be filiform if dimLi = n− i, where n = dimL and 2 ≤ i ≤ n.
Now let us define a natural graduation for a filiform Leibniz algebra.
Definition 6. Given a filiform Leibniz algebra L, put Li = L
i/Li+1, 1 ≤ i ≤ n−1, and gr(L) = L1⊕L2⊕· · ·⊕Ln−1.
Then [Li, Lj] ⊆ Li+j and we obtain the graded algebra gr(L). If gr(L) and L are isomorphic, then we say that the
algebra L is naturally graded.
Due to [3] and [18] it is known that there are three naturally graded filiform Leibniz algebras. In fact, the third
type encloses the class of naturally graded filiform Lie algebras.
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Theorem 1. Any complex n-dimensional naturally graded filiform Leibniz algebra is isomorphic to one of the
following pairwise non isomorphic algebras:
F 1n : [ei, e1] = ei+1, 2 ≤ i ≤ n− 1,
F 2n : [ei, e1] = ei+1, 1 ≤ i ≤ n− 2,
F 3n(α) :
{
[ei, e1] = −[e1, ei] = ei+1, 2 ≤ i ≤ n− 1,
[ei, en+1−i] = −[en+1−i, ei] = α(−1)
i+1en, 2 ≤ i ≤ n− 1,
where α ∈ {0, 1} for even n and α = 0 for odd n.
The following theorems describe solvable Leibniz algebras with nilradical F 1n .
Theorem 2 ( [6]). An arbitrary (n + 1)-dimensional solvable Leibniz algebra with nilradical F 1n is isomorphic to
one of the following pairwise non-isomorphic algebras:
R1, R2(α), R3, R4, R5(α4, . . . , αn−1), R6(α4, . . . , αn−1), R7(α4, . . . , αn−1).
Theorem 3 ( [6]). There does not exist any (n+ 2)-dimensional solvable Leibniz algebra with nilradical F 1n .
Nevertheless, the last theorem is not true. We will find only one (n + 2)-dimensional solvable algebra Leibniz
with nilradical F 1n .
2.2. The second cohomology group of a Leibniz algebra. For acquaintance with the definition of cohomology
group of Leibniz algebras and its applications to the description of the variety of Leibniz algebras (similar to the Lie
algebras case) we refer the reader to the papers [4, 8, 9, 11, 12, 16]. Here we just recall that the second cohomology
group of a Leibniz algebra L with coefficients in a corepresentation M is the quotient space
HL2(L,M) = ZL2(L,M)/BL2(L,M),
where the 2-cocycles ϕ ∈ ZL2(L,M) and the 2-coboundaries f ∈ BL2(L,M) are defined as follows
(d2ϕ)(a, b, c) = [a, ϕ(b, c)]− [ϕ(a, b), c] + [ϕ(a, c), b] + ϕ(a, [b, c])− ϕ([a, b], c) + ϕ([a, c], b) = 0 (1)
and
f(a, b) = [d(a), b] + [a, d(b)]− d([a, b]) for some linear map d.
3. (n+2)-dimensional solvable Leibniz algebra with naturally graded
filiform nilradical F 1n and its rigidity
3.1. Solvable Leibniz algebras with naturally graded filiform nilradical F 1n . As mentioned above, in the
work [6] it was made a mistake. Therefore, we consider a solvable Leibniz algebra whose dimension is equal to n+2
and the nilradical is the filiform Leibniz algebra F 1n . We give a complete proof of the following theorem and specify
the exact place of the error in Theorem 3.
Theorem 4. An arbitrary (n + 2)-dimensional solvable Leibniz algebra with nilradical F 1n is isomorphic to the
algebra R(F 1n) with the multiplication table:
[ei, e1] = ei+1, 2 ≤ i ≤ n− 1, [e1, x] = e1,
[ei, y] = ei, 2 ≤ i ≤ n, [ei, x] = (i− 1)ei, 2 ≤ i ≤ n,
[x, e1] = −e1.
Proof. From the conditions of the theorem we have the existence of a basis {e1, e2, . . . , en, x, y} such that the
multiplication table of F 1n remains the same. The outer non-nilpotent derivations of F
1
n , denoted by Dx and Dy, are
of the form given in [6, Proposition 4.1], with the set of entries {αi, γ} and {βi, δ}, respectively, where [ei, x] = Dx(ei)
and [ei, y] = Dy(ei).
By taking the following change of basis:
x′ =
β2
α1β2 − α2β1
x−
α2
α1β2 − α2β1
y, y′ = −
β1
α1β2 − α2β1
x+
α1
α1β2 − α2β1
y,
we may assume that α1 = β2 = 1 and α2 = β1 = 0.
4 SOLVABLE LEIBNIZ ALGEBRA WITH NILRADICAL F 1
N
AND ITS RIGIDITY
Therefore, we have the products
[e1, x] = e1 +
n∑
i=3
αiei, [e2, x] = e2 +
n−1∑
i=3
αiei + γen,
[ei, x] = (i− 1)ei +
n∑
j=i+1
αj−i+2ej, 3 ≤ i ≤ n,
[e1, y] = e2 +
n∑
i=3
βiei, [e2, y] = e2 +
n−1∑
i=3
βiei + δen,
[ei, y] = ei +
n∑
j=i+1
βj−i+2ej , 3 ≤ i ≤ n.
Let us introduce the notations
[x, e1] =
n∑
i=1
λiei, [x, e2] =
n∑
i=1
δiei, [x, x] =
n∑
i=1
µiei.
From the Leibniz identity we get [x, ei] = 0, 3 ≤ i ≤ n.
By applying similar arguments as in Case 1 of the proof of Theorem 2 (see [6, Theorem 4.2]) and taking into
account that the products [ei, y], 1 ≤ i ≤ n, will not be changed under the transformations of the bases that were
used there, we obtain two cases of products of elements:
Case λ2 6= 1 :


[ei, e1] = ei+1, 2 ≤ i ≤ n− 1,
[e1, x] = e1,
[ei, x] = (i− 1)ei, 2 ≤ i ≤ n,
[x, e1] = −e1 − e2,
[e1, y] = βen,
[ei, y] = ei +
n∑
j=i+1
βj−i+2ej , 2 ≤ i ≤ n;
Case λ2 = 1 :


[ei, e1] = ei+1, 2 ≤ i ≤ n− 1,
[e1, x] = e1,
[ei, x] = (i− 1)ei, 2 ≤ i ≤ n,
[x, e1] = −e1,
[e1, y] = δen,
[ei, y] = ei +
n∑
j=i+1
βj−i+2ej , 2 ≤ i ≤ n.
That omission of Case λ2 = 1 in the proof of Theorem 3 is an error in the work [6]. We fill this gap in the proof.
Let us introduce notations
[y, e1] =
n∑
i=1
ηiei, [y, e2] =
n∑
i=1
θiei, [y, y] =
n∑
i=1
τiei, [x, y] =
n∑
i=1
σiei, [y, x] =
n∑
i=1
ρiei.
Consider the Case λ2 6= 1. From the Leibniz identity
[x, [e1, y]] = [[x, e1], y]− [[x, y], e1],
we get
0 = −e2 −
n∑
i=3
βiei −
n∑
i=3
σi−1ei − βen.
Thus, we have a contradiction with the assumption of the existence of an algebra under the conditions of the
theorem.
Now we consider the Case λ2 = 1.
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By taking the following change of basis elements y′ = y + σ1e1, we derive [x, y] =
n∑
i=2
σiei.
From the Leibniz identity 0 = [e2, [x, y]] = [[e2, x], y]− [[e2, y], x], we deduce βi = 0, 3 ≤ i ≤ n.
By making the change y′ = y +
n−1∑
i=2
ηi+1ei, we obtain [y, e1] = η1e1 + η2e2 and
[ei, e1] = ei+1, 2 ≤ i ≤ n− 1, [e1, y] = δen, [y, ei] =
n∑
j=1
µi,jej, 3 ≤ i ≤ n,
[e1, x] = e1, [ei, y] = ei, 2 ≤ i ≤ n, [y, x] =
n∑
i=1
ρiei,
[ei, x] = (i − 1)ei, 2 ≤ i ≤ n, [y, e1] = η1e1 + η2e2, [y, y] =
n∑
i=1
τiei,
[x, e1] = −e1, [y, e2] =
n∑
i=1
θiei, [x, y] =
n∑
i=2
σiei.
By applying the Leibniz identity to the products above we derive
δ = η1 = η2 = θi = µi,j = σi = 0 (1 ≤ i, j ≤ n),
ρi = τi = 0 (1 ≤ i ≤ n− 1), ρn = (n− 1)τn.
Finally, by applying the change of basis elements y′ = y − τnen, we obtain the algebra R(F
1
n). 
3.2. Rigidity of the algebra R(F 1n). In order to describe the second group of cohomology of the algebra R(F
1
n)
we need the description of its derivations. The general matrix form of the derivations of R(F 1n) is given in the
following proposition.
Proposition 1. Any derivation of the algebra R(F 1n) has the following matrix form:


α1 0 0 0 . . . 0 0 0 0
0 β2 β3 0 . . . 0 0 0 0
0 0 α1 + β2 β3 . . . 0 0 0 0
0 0 0 2α1 + β2 . . . 0 0 0 0
...
...
...
...
. . .
...
...
...
...
0 0 0 0 . . . (n− 3)α1 + β2 β3 0 0
0 0 0 0 . . . 0 (n− 2)α1 + β2 0 0
−β3 0 0 0 . . . 0 0 0 0
0 0 0 0 . . . 0 0 0 0


.
Proof. The proof is carried out by straightforward calculations of the derivation property. 
From Proposition 1 we conclude that dimBL2(R(F 1n), R(F
1
n)) = n
2 + 4n+1. The general form of an element of
the space ZL2(R(F 1n), R(F
1
n)) is presented below.
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Proposition 2. An arbitrary element ϕ of the space ZL2
(
R(F 1n), R(F
1
n)
)
has the following form:


ϕ(e1, e1) =
n∑
k=3
ak1,1ek,
ϕ(ei, e1) =
n∑
k=1
aki,1ek + a
n+1
i,1 x1 + a
n+2
i,1 x2, 2 ≤ i ≤ n− 1,
ϕ(en, e1) = a
n+1
n−1,1e1 −
n−1∑
k=3
(
k−2∑
j=1
ak−jn−j,1)ek +
(
n(n−1)
2 a
n+1
n+1,1 + (n− 1)a
n+2
n+1,1 −
n−1∑
k=2
akk,1
)
en,
ϕ(e1, e2) = a
1
1,2e1,
ϕ(ei, e2) = ((i − 2)a
1
1,2 + a
2
2,2)ei + a
3
2,2ei+1, 2 ≤ i ≤ n,
ϕ(e1, ei) = −a
n+1
i−1,1e1, 3 ≤ i ≤ n,
ϕ(ei, e3) = −((i − 1)a
n+1
2,1 + a
n+2
2,1 )ei − (a
1
1,2 + a
1
2,1)ei+1, 2 ≤ i ≤ n,
ϕ(ei, ej) = −((i− 1)a
n+1
j−1,1 + a
n+2
j−1,1)ei + (a
n+1
j−2,1 − a
1
j−1,1)ei+1, 4 ≤ j ≤ n, 2 ≤ i ≤ n,
ϕ(x1, e1) = a
1
n+1,1e1 + a
3
1,1e2 +
n∑
k=3
akn+1,1ek + a
n+1
n+1,1x1 + a
n+2
n+1,1x2,
ϕ(x2, e1) = a
1
n+2,1e1 +
n∑
k=3
akn+2,1ek,
ϕ(x1, e2) = −a
3
2,2e1,
ϕ(x1, e3) = (a
1
1,2 + a
1
2,1)e1,
ϕ(x1, ei) = (a
1
i−1,1 − a
n+1
i−2,1)e1, 4 ≤ i ≤ n,
ϕ(e1, x1) = −a
1
n+1,1e1 +
n−1∑
k=3
(k − 2)ak+11,1 ek + (n− 2)a
n
1,n+2en − a
n+1
n+1,1x1 − a
n+2
n+1,1x2,
ϕ(e2, x1) =
n∑
k=2
ak2,n+1ek − a
1
1,2x1 + (a
1
1,2 − a
2
2,2)x2,
ϕ(e3, x1) = (a
1
1,2 + a
1
2,1)e1 + (a
2
2,1 − a
n+1
n+1,1 − a
n+2
n+1,1)e2 + (a
2
2,n+1 − a
1
n+1,1)e3+
+
n∑
k=4
(ak−12,n+1 − (k − 3)a
k
2,1)ek + 2a
n+1
2,1 x1 + 2a
n+2
2,1 x2,
ϕ(ei, x1) = (i − 2)(a
1
i−1,1 − a
n+1
i−2,1)e1 +
i−2∑
k=2
(i − k)
k−1∑
j=1
ak−j+1i−j,1 ek+
+
( i−1∑
k=2
akk,1 −
(i−1)(i−2)
2 a
n+1
n+1,1 − (i− 2)a
n+2
n+1,1
)
ei−1 +
(
a22,n+1 − (i− 2)a
1
n+1,1
)
ei+
+
n∑
k=i+1
(
ak−i+22,n+1 − (k − i)
i−1∑
j=2
ak−i+j+1j,1
)
ek + (i− 1)a
n+1
i−1,1x1 + (i − 1)a
n+2
i−1,1x2, 4 ≤ i ≤ n,
ϕ(e1, x2) = −a
1
n+2,1e1 +
n−1∑
k=2
ak+11,1 ek + a
n
1,n+2en,
ϕ(e2, x2) = −a
3
2,2e1 + a
2
2,n+2e2 + a
3
2,n+2e3 − a
1
1,2x1 + (a
1
1,2 − a
2
2,2)x2,
ϕ(e3, x2) = (a
1
1,2 + a
1
2,1)e1 + (a
2
2,n+2 − a
1
n+2,1)e3 + a
3
2,n+2e4 + a
n+1
2,1 x1 + a
n+2
2,1 x2,
ϕ(ei, x2) = (a
1
i−1,1 − a
n+1
i−2,1)e1 + (a
2
2,n+2 − (i− 2)a
1
n+2,1)ei + a
3
2,n+2ei+1 + a
n+1
i−1,1x1 + a
n+2
i−1,1x2, 4 ≤ i ≤ n,
ϕ(x1, x1) =
n−2∑
k=2
(k − 1)(ak+1n+1,1 − a
k+2
1,1 )ek + (n− 2)(a
n
n+1,1 − a
n
1,n+2)en−1 + (n− 1)a
n
n+1,n+2en,
ϕ(x2, x1) = a
3
2,n+2e1 +
n−1∑
k=2
(k − 1)ak+1n+2,1ek + (n− 1)a
n
n+2,n+2en,
ϕ(x1, x2) = −a
3
2,n+2e1 +
n−2∑
k=2
(ak+1n+1,1 − a
k+2
1,1 )ek + (a
n
n+1,1 − a
n
1,n+2)en−1 + a
n
n+1,n+2en,
ϕ(x2, x2) =
n−1∑
k=2
ak+1n+2,1ek + a
n
n+2,n+2en.
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Proof. Let ϕ ∈ ZL2(R(F 1n), R(F
1
n)). We set
ϕ(ei, ej) =
n∑
k=1
aki,jek + a
n+1
i,j x1 + a
n+2
i,j x2, 1 ≤ i, j ≤ n,
ϕ(ei, xj) =
n∑
k=1
aki,n+jek + a
n+1
i,n+jx1 + a
n+2
i,n+jx2, 1 ≤ i ≤ n, 1 ≤ j ≤ 2,
ϕ(xj , ei) =
n∑
k=1
akn+j,iek + a
n+1
n+j,ix1 + a
n+2
n+j,ix2, 1 ≤ i ≤ n, 1 ≤ j ≤ 2,
ϕ(xi, xj) =
n∑
k=1
akn+i,n+jek + a
n+1
n+i,n+jx1 + a
n+2
n+i,n+jx2, 1 ≤ i, j ≤ 2.
For ϕ ∈ ZL2(R(F 1n), R(F
1
n)) we shall verify equation (1).
Consider b = c. Then we get [a, ϕ(b, b)] = 0 for all a ∈ L. From the multiplication table of the algebra R(F 1n) it
is easy to see that ϕ(b, b) ∈ I for all b ∈ L, where I = span〈e2, . . . , en〉.
If b, c ∈ I, then we obtain [a, ϕ(b, c)] = 0 for all a ∈ L, and consequently, ϕ(b, c) ∈ I, i.e. ϕ(I, I) ⊆ I.
We consider the combinations of (a, b, c), with a, b, c ∈ R(F 1n).
If (a, b, c) = (x2, x1, ei), i 6= 1, then we derive ϕ(x2, I) ⊆ Q, where Q is the complementary vector space of the
nilradical F 1n to the algebra R(F
1
n). The triple (a, b, c) = (ei, x2, ej), j 6= 1, implies [ei, ϕ(x2, ej)] = 0, from which
we get ϕ(x2, I) = 0.
If we take (a, b, c) = (ei, x1, ej), j 6= 1, then we deduce ϕ(x1, ej) ∈ 〈e1, x2〉.
By considering (a, b, c) = (x1, ei, e1) and (a, b, c) = (x1, ei, x1), i 6= 1, we obtain ϕ(x1, I) ⊆ 〈e1〉.
The triples (a, b, c) = (e1, x1, ei), i 6= 1, imply ϕ(e1, I) ⊆ 〈e1, e2〉.
By considering the triples (a, b, c) = (e1, x2, ei), i 6= 1, we get ϕ(e1, I) ⊆ 〈e1〉.
Similarly, we obtain
(en, x1, e1)⇒ ϕ(en, e1) ∈ F
1
n ;
(x1, x2, e1)⇒ ϕ(e1, x2) ∈ F
1
n ;
(x2, xi, e1), i = 1, 2⇒ ϕ(x2, e1) ∈ F
1
n \ {e2};
(x1, ei, x1), i 6= 1⇒ ϕ(e2, x1) ∈ R(F
1
n) \ {e1};
(e1, e1, x2)⇒ ϕ(e1, e1) ∈ I \ {e2}.
Given the restrictions above, by applying the multiplication of the algebra R(F 1n) and the property of cocycle
for (d2ϕ)(e1, ei, e1) = 0, we obtain
ϕ(e1, e2) = a
1
1,2e1, ϕ(e1, ei) = −a
n+1
i−1,1e1, 3 ≤ i ≤ n.
Analogously, from (d2ϕ)(ei, e1, ej) = 0 and (d
2ϕ)(ei, ej, e1) = 0, 1 ≤ i, j ≤ n, we conclude
ϕ(e1, e1) =
n∑
k=3
ak1,1ek,
ϕ(en, e1) = a
n+1
n−1,1e1 +
n∑
k=2
akn,1ek,
ϕ(ei, e2) = ((i − 2)a
1
1,2 + a
2
2,2)ei +
n∑
k=i+1
ak−i+22,2 ek, 2 ≤ i ≤ n,
ϕ(ei, e3) = −
(
(i− 1)an+12,1 + a
n+2
2,1
)
ei − (a
1
1,2 + a
1
2,1)ei+1, 2 ≤ i ≤ n,
ϕ(ei, ej) = −
(
(i− 1)an+1j−1,1 + a
n+2
j−1,1
)
ei + (a
n+1
j−2,1 − a
1
j−1,1)ei+1, 2 ≤ i ≤ n, 4 ≤ j ≤ n.
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The equations (d2ϕ)(ei, ej , x1) = 0, 1 ≤ i, j ≤ n, imply
ϕ(e1, x1) = a
1
1,n+1e1 +
n−1∑
k=3
(k − 2)ak+11,1 ek + a
n
1,n+1en + a
n+1
1,n+1x1 + a
n+2
1,n+1x2,
ϕ(e2, x1) =
n∑
k=2
ak2,n+1ek − a
1
1,2x1 + (a
1
1,2 − a
2
2,2)x2,
ϕ(e3, x1) = (a
1
1,2 + a
1
2,1)e1 + (a
2
2,1 + a
n+1
1,n+1 + a
n+2
1,n+1)e2 + (a
2
2,n+1 + a
1
1,n+1)e3
+
n∑
k=4
(
ak−12,n+1 − (k − 3)a
k
2,1
)
ek + 2a
n+1
2,1 x1 + 2a
n+2
2,1 x2,
ϕ(ei, x1) = (i− 2)(a
1
i−1,1 − a
n+1
i−2,1)e1 +
i−2∑
k=2
(i− k)
k−1∑
j=1
ak−j+1i−j,1 ek
+
( i−1∑
k=2
akk,1 +
(i− 1)(i− 2)
2
an+11,n+1 + (i− 2)a
n+2
1,n+1
)
ei−1 + (a
2
2,n+1 + (i− 2)a
1
1,n+1)ei
+
n∑
k=i+1
(
ak−i+22,n+1 − (k − i)
i−1∑
j=2
ak−i+j+1j,1
)
ek + (i− 1)a
n+1
i−1,1x1 + (i − 1)a
n+2
i−1,1x2, 4 ≤ i ≤ n,
ϕ(en, e1) = a
n+1
n−1,1e1 −
n−1∑
k=3
( k−2∑
j=2
ak−jn−j,1
)
ek −
(n(n− 1)
2
an+11,n+1 + (n− 1)a
n+2
1,n+1 +
n−1∑
k=2
akk,1
)
en,
ak2,2 = 0, 4 ≤ k ≤ n.
The equations (d2ϕ)(e1, x1, e1) = 0 and (d
2ϕ)(e2, x1, e1) = 0 imply
ai1,n+1 = −a
i
n+1,1, i = 1, n+ 1, n+ 2.
From the conditions (d2ϕ)(ei, x1, ej) = 0 for 2 ≤ i, j ≤ n, we conclude
ϕ(x1, e2) = −a
3
2,2e1,
ϕ(x1, e3) = (a
1
1,2 + a
1
2,1)e1,
ϕ(x1, ei) = (a
1
i−1,1 − a
n+1
i−2,1)e1, 4 ≤ i ≤ n.
The equalities (d2ϕ)(ei, ej , x2) = 0, 1 ≤ i, j ≤ n, determine
ϕ(e1, x2) = a
1
1,n+2e1 +
n−1∑
k=2
ak+11,1 ek + a
n
1,n+2en,
ϕ(e2, x2) = −a
3
2,2e1 +
n∑
k=2
ak2,n+2ek − a
1
1,2x1 + (a
1
1,2 − a
2
2,2)x2,
ϕ(e3, x2) = (a
1
1,2 + a
1
2,1)e1 + (a
2
2,n+2 + a
1
1,n+2)e3 +
n∑
k=4
ak−12,n+2ek + a
n+1
2,1 x1 + a
n+2
2,1 x2,
ϕ(ei, x2) = (a
1
i−1,1 − a
n+1
i−2,1)e1 + (a
2
2,n+2 + (i− 2)a
1
1,n+2)ei +
n∑
k=i+1
ak−i+22,n+2 ek + a
n+1
i−1,1x1 + a
n+2
i−1,1x2, 4 ≤ i ≤ n.
From the equality (d2ϕ)(e2, x2, e1) = 0 we get a
1
1,n+2 = −a
1
n+2,1.
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Given the restrictions above, by using the property of cocycle for (d2ϕ)(xi, xj , e1) = 0 for 1 ≤ i, j ≤ 2, we obtain
ϕ(x1, e1) = a
1
n+1,1e1 + a
3
1,1e2 +
n∑
k=3
akn+1,1ek + a
n+1
n+1,1x1 + a
n+2
n+1,1x2,
ϕ(x1, x1) =
n−2∑
k=2
(k − 1)(ak+1n+1,1 − a
k+2
1,1 )ek + ((n− 2)a
n
n+1,1 − a
n
1,n+1)en−1 + a
n
n+1,n+1en,
ϕ(x2, x1) = a
1
n+2,n+1e1 +
n−1∑
k=2
(k − 1)ak+1n+2,1ek + a
n
n+2,n+1en + a
n+2
n+2,n+1x2,
ϕ(x1, x2) = a
1
n+1,n+2e1 +
n−2∑
k=2
(ak+1n+1,1 − a
k+2
1,1 )ek + (a
n
n+1,1 − a
n
1,n+2)en−1 + a
n
n+1,n+2en + a
n+2
n+1,n+2x2,
ϕ(x2, x2) =
n−1∑
k=2
ak+1n+2,1ek + a
n
n+2,n+2en.
By checking the general condition of cocycle for the other basis elements, we get the following
(d2ϕ)(e1, x1, x2) = 0⇒ a
n
1,n+1 = (n− 2)a
n
1,n+2;
(d2ϕ)(e2, x1, x2) = 0⇒ a
1
n+1,n+2 = −a
3
2,n+2, a
n+2
n+1,n+2 = a
k
2,n+2 = 0, 4 ≤ k ≤ n;
(d2ϕ)(e2, x2, x1) = 0⇒ a
1
n+2,n+1 = a
3
2,n+2, a
n+2
n+2,n+1 = 0.
Considering the equations (d2ϕ)(xi, xj , xk) = 0 for 1 ≤ i, j, k ≤ 2, we have
xiϕ(xj , xk)− ϕ(xi, xj)xk + ϕ(xi, xk)xj = 0,
from which we obtain
ann+1,n+1 = (n− 1)a
n
n+1,n+2, a
n
n+2,n+1 = (n− 1)a
n
n+2,n+2.
Thus, we have a general form of the 2-cocycle ϕ. 
Proposition 2 implies the following corollary.
Corollary 1. dimZL2(R(F 1n), R(F
1
n)) = (n+ 2)
2 − 3 and dimHL2(R(F 1n), R(F
1
n)) = 0.
Thus, according to the results of the paper [4], we have the following theorem.
Theorem 5. The algebra R(F 1n) is rigid.
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